“Carl Friedrich Gauss”

Carl Friedrich Gauss was a child prodigy in Germany.  At age 10, in 1787, he used the method described below in PART 1 to solve the problem:

What is the solution of adding all numbers between 1 to 100 (inclusive)?

He did this all in his head.

PART 1

Do this

1) List all the numbers 1 to 50 from left to right
2) Make another list below the first one, starting at 100 and ending at 51.
3) Make sure that the 2 rows of numbers line up (i.e. 1 & 100, 2 &99, 3 & 98, etc)

i.e.: 

	1
	2
	3
	…
	48
	49
	50

	100
	99
	98
	…
	53
	52
	51



4) Sum the columns of pairs (i.e.: 1 + 100, 2 + 99, … 50 + 51).
a. Every sum equals 101
b. Adding up those sums will get the answer.
5) Since there are 50 pairs of sums, we can use multiplication to solve this problem quickly, instead of adding each number in the series.
a. There are 50 sums of 101, which gets us 101 * 50 = 5050.
6) The answer is 5050.

===

PART 2

Now, to build on this, we can extend this method to derive a formula to calculate the sum of numbers between 1 and any number N (when the last number of the series is even), or N+1 (when the last number in the series is odd).

	1
	2
	3
	…
	N/2 - 2
	N/2 - 1
	N/2

	N
	N - 1
	N - 2
	…
	N/2 + 3
	N/2 + 2
	N/2 + 1



1) For an even number N (i.e.: 100, 200, 1000, etc), we have 1 + 2 + … + N.  Notice from PART 1 above that every column sums to the value 101, which is the same thing as N + 1 (which is seen using the table here in PART 2).

The equation in 5.a. above is “101 * 50 = 5050”.  

Substituting “N + 1” for “101” gets us “(N+1) * 50 = 5050”, where N = 100.

Notice that the number “50” is just half of N, or N/2.

Substituting “N/2” for “50” gets us “(N+1)*(N/2) = 5050”, where N = 100.

Generalizing this (removing the 5050 and replacing it with a variable) get us

(N+1)*(N/2) = sum of number series 1 .. N = [sum_N]

For instance, for N = 152, 

(152+1)*(152/2) = (153)*(76) = 11628

2) For an odd number N + 1 (101, 201, 1001, etc), we have 1 + 2 + … + N + N+1.  The reason why we are summing 1 .. (N+1) is because for each even number N, there is one odd number lower (N-1) and one odd number higher (N + 1) than N.  So that we can still use the table of sums from before but for an odd series of numbers instead an even series of numbers, we go with the series 1 .. N+1.  This gives us the same table from before:

	1
	2
	3
	…
	N/2 - 2
	N/2 - 1
	N/2

	N
	N - 1
	N - 2
	…
	N/2 + 3
	N/2 + 2
	N/2 + 1



	Using this table, this gives us the same result as “1” above:

(N+1)*(N/2) = sum of number series 1 .. N.

But now, we have 1 extra sum that hasn’t been used yet.  N + 1.  We simply add this to the 
formula above to get our new formula for an odd series:

(N+1)*(N/2) + (N+1) = 

(N+1)*((N/2) + 1) = 

(N+1)*((N/2) + (2/2)) = 

(N+1)*((N+2)/2) = sum of number series 1 .. (N+1) = [sum_N+1]

[note: same formula as PART 1 except now there is ((N+2)/2) instead of (N/2)]

	To use this formula, we set (N+1) = odd number, and solve for N:

	N = (odd number – 1)

	Then we plug in the value of N into the formula to arrive at the answer.

	For instance, for N+1 = 153, N = 152, and

	(152+1)*((152+2)/2) = (153) * (154/2) = (153) * (77) = 11781

	Notice, from the formula for the even N = 152, [sum_N]= 11628.

	From the formula for odd N+1 = 153, [sum_N+1] = 11781.

	11781 – 11628 = 153

	So 

	[sum_N+1] – [sum_N] = N+1.
